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Abstract. The purpose of this paper is to construct p-adic Dedekind sums and Hardy- 
Berndt type sums. We also construct generating function of the twisted Bernoulli poly- 
nomials and functions. Furthermore, we give some discussions on elliptic analogue of the 
Apostol-Dedekind sums. 



1. Introduction, Definitions and Notations 
Let {h, k) = 1 with A; > 0. The classical Dedekind sums are defined by 

fc-i 



where {(x)) = x — [x]q — ^ , ii x f Z, ((x)) = 0, x G Z, where [x]q is the largest integer < x cf. 

(□], El, El, [n, [12], M)- 

In this paper, Zp, Qp, Cp, C and Z, respectively, denote the ring of p-adic integers, the field 
of p-adic rational numbers, the p-adic completion of the algebraic closure of Qp normalized by 
|p|p = p~^, and the complex field and integer numbers. Let q be an indeterminate such that 
if g G C, then \q\ < 1 and if g G Cp, then |1 — 9|p < p~^^^^~^\ so that =exp(a;logpg) 
for \x\p < 1. Let [x] = [x : q] = . We note that limq_>i [x] = x. The p-adic q-Volkenborn 

integral is originally constructed by Kim [7], [8], which is defined as follows: for g £ UD{7ip, Cp) = 
{g \ g : Zp —* Cp is uniformly differentiable function}, the p-adic q-Volkenborn integral is defined 

by Iq (g) = 9 (x) d^^q (x) = limjv^oo T,llo^ 9 (os) g^, where fj,^ {x + p^Zp) = jp^- 

Note that Ii (g) = limq^i Iq (g). If gi {x) = 9 (x + 1), then 

h{9i) = h{9) + 9'iO) cf. (H, 1), (1.1) 

qlqigi) - I<i{9) = (<? - I)S(O) + (0) cf. [8], (1.2) 

log<j 

where g' (0) = 4^g{x)\ . The g-deformed p-adic invariant integral on Zp, in the fcrmionic 
sense, is defined by 

/_i(/) = hm /,(/) = / /(x)dM-i(^) = lim '^f- (0^ 0)- (1-3) 

In [7], H], by busing p-adic g-integral on Zp, Kim defined 

/-i(/i) + /-i(/) = 2/(0). (1.4) 
For applications of the p-adic (^-integral on Zp see also cf. ([1], |14n . 
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2. p-ADic Hardy-Berndt type sums 

In this section, by using the g-deformed p-adic invariant integral on Zp, in the fermionic sense, 
we construct p-adic Hardy-Berndt type sums. 

/ sin(fez)d^t_i(a;) = -tan(-) cf. [3. (2.1) 

Multiplying both sides of 112.11 1 by — , and replacing b by 2nny, and then summing over n = 
1,2,..., 00, we have 

1 °° 1 f 1 °° 1 

— y — / sin(27rnyx)(i/j_j^(x) = N — tan(7my) 

n = l ^-^p n = l 

After some elementary calculations, we get 

r / 1 °° I \ 1°°1 

/ I — / — sm(2nnyx) | dfj,_i(x) = > — tan(7rn|/), 

iz \ 1" n I IT n 

•'■^P \ n = l / n = l 

where {{y}) = ^ J2^=i cf. ([3], g], [12], [15]). Thus we arrive at the following result: 

Lemma 1. 

r 1 °° 1 

/ ((?/a;))dAi_i(a;) = - -tan{7rnj/). 

By using Lemma [T] we construct p-adic Hardy-Berndt type sums as follows; 
Theorem 1. Let h,k(i'L, {h,k) = 1. If h is odd and k is even, then we have 

Proof. In 3^, Bernd and Goldberg defined Hardy sums, S2{h,k) as follows: if h is odd and k is 
even, then 

1 tan{4^) 

S2{h,k) = -— Yl ■ (2.2) 

n = \ 
2n ^ 0{modA:) 

By using Lemma[T]with y = j: with (h, k) = 1, we have 

By using l|2.2| l and l|2.3| l. with 2n ^ O(modfc), after some elementary calculations, we arrive at 
the desired result. □ 



In[3], Bernd and Goldberg defined Hardy sums, S3{h, k) as follows: if k is odd, then 

1 tan(^) 
Sz{h,k) = -Yl " ■ (2.4) 

71 — 1 

By using 12.41 1 and Theorem [T] we obtain the following corollary: 
Corollary 1. Let h,k £1,, {h,k) = 1. If k is odd, then vie have 

Si(h,k) = j^ {J^^yjd^,^^(x). 

Multiplying both sides of 112.11 1 by ^2n— i)7r ' ^'^'^ replacing h by ^'^^^ — —, with [h, k) = 1, and 
then summing over n = l,2,...,oo, we have 



4 1 f . ,nh{2n-l)x^ , 4 .,2^ 1 

TT ' 271—1 J J 2k TT ^— ' 271—1 2k 



■Kh{2n - 1) ^ 



After some elementary calculations, we get 



/■ / 4 1 ,iTh(2n-l)xA 4 1 ^nh(2n-l), , , 
/ \-Y.T, -sin( ^ ' )Ui,_^{x) = — Y,- ^tan(^— 1), (2.5) 

'''^P \ n — 1 / n— 1 
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where 

(-1)'^'- = - E ^^"^f "f"^^ cf. m, m, m, m)- 

TT — ' 2n ~ 1 

n— 1 

If h and k are odd, then we have 

S5ih,k) = - \ 1 (2-6) 

n = 1 
2ra - 1 ^ O(modfc) 

By using 112.51 1 and 12.61 1. we arrive at the following theorem: 

Theorem 2. Let h,k £ Z,, (h, k) = 1. If k and k are odd, then we have 

S5ih,k) = -2[ 

Let h and k denote relatively prime integers with fe > 0. If /i + fe is odd, then 

Sih,k) = ij: '^''\ K l m- (2.7) 

TT ^ — ' 2n — 1 

n — 1 

By using 112.51 1 and 1 12.71 1. we easily arrive at the following corollary: 
Corollary 2. Let h,k £ Z,, (h, k) = 1 with k > 0. If h + k is odd, then 

S{h,k) = -[ (-l)l4FlGrf^_j(a,), 

Note that for detail on Hardy-Berndt sums see also cf. ([3], I12| . |15l . [4]). 

3. Twisted Dedekind sums 

In this section, by using g-Volkenborn integral, we construct a new generating function of 
twisted g-BernouUi polynomials. We define twisted new approach q-BernouUi functions. We also 
construct p-adic twisted g-Dedekind type sums. Let Tp = IJ Cp" = lim Cp" , where Cp" = 

n>l 

|ui : ttjP ~ ^} cyclic group of order p". For «) g Tp, the function x i-^ is a locally 

constant function from Zp to Cp cf.([7|, 1141 ). If we take f{x) = w^q^e^^ in 111.21 1. then we define 
twisted g-BernouUi numbers by means of the following generating function: 

Fq,^(t) = Iq(w q e ) = — = > b„ {q} — , 

logo wq'^e^ — 1 ^ — ' ' n\ 

where the numbers fe* are called twisted g-BernouUi numbers. By using Taylor series of e*^ 

in the above, we get 

KAl)= I u,-Q^^"df^^{x). (3.1) 
We define twisted g-BernouUi polynomials by means of the following generating function: 

F,,„(t,2) = F^,„(t)e^* = E6:,™(2,g)^, (3.2) 

n — O 

where the numbers 6* (?) are called twisted g-BernouUi polynomials. By using Cauchy product 
in the above, we have 

b*„,U^,q)= [ w^q^(x + zrdiig{x) = f2( I ) 

Observe that if q ^ 1, then JOt reduces to (IlTI i. See also cf. ([6], [M], g]). 

We need the following definitions. Bn {x) is denoted the nth Bernoulli function, which is 
defined as follows: 

"g (x) = ^ ^"('t^})' if a: is not an integer , , 

" \ 0, if a: is an integer and n = 1, 



4 



YILMAZ SIMSEK 



where {x} denotes the fractional part of a real number x, Bn (x) is the Bernoulli polynomial or 
B„ (z) = B„{x- [xjg) cf. ([1], [13], [12], [15]). Apostol [T] generalized Dedekind sums s (ft, fc, n) 
as follows 

a — f ha\ , ^ 

s{h,k,n) = J2^-B„[j-y (3.4) 

where n, h, fc are positive integers. By using 113.11 1. 113.21 1 and 113.31 1. we have 




By using 113. 5t and 1 13. 4t . we construct twisted p-adic g- higher order Dedekind type sums by the 
following theorem: 

Theorem 3. Let h,k 

have 

( 

or 

Sw {h, k, m, q) - 



Observe that when q 

I I3.4I I. Different type p-adic Dedekind and Hardy type sums were defined see for detail ([9], 1111 . 

mm, m, bd- 

Remark 1. Recently, elliptic Apostol- Dedekind sums have studied by many authors in the df- 
ferent areas. Bayad^, constructed multiple elliptic Dedekind sums as an elliptic analogue of 
Zagier's sums multiple Dedekind sums. Machide [10] defined elliptic analogue of the generalized 
Dedekind- Rademacher sums, which involve an elliptic analogue of the classical Bernoulli func- 
tions. 

Find elliptic analogue and reciprocity law of the sum s^, {h, k,m, q). 
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Z, (/i, k) = 1, and let p be an odd prime such that p\k. For w G Tp, we 




1 and w ^ 1^ the sum Sw (a, m, q) reduces to k^s (h, fc, m + 1) in 
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